SYK Comments

March 11, 2022

This series of notes are compiled from 3 main papers: Maldacena and Stanford (Com-
ments on SYK), Polchinsky and Rosenhaus (The Spectrum of SYK model) and Sarosi (AdS,,
Holography and the SYK model).

1 Characteristics and importance

The SYK model describes a 1-D system of N (Majorana) fermions with an all-to-all random
quartic interaction. It has the following important features:

1. It is solvable at strong coupling at large N.

2. It is maximally chaotic. The Lyapunov exponent A is defined by an Out of Time Order
(OTO) 4-point function; in Einstein gravity A = %’r for a Black Hole (BH) and this is the
maximal allowed value for \. SYK saturates this bound.

3. At low energies, an emergent conformal symmetry manifests in the 2-point functions.

So, why is SYK important to study? First of all, due to the scarcity of non-trivial systems
that can be solved at strong coupling, makes it worth to consider. Besides this, in the context
of classical chaos 1. and 2. do not imply that the model is solvable (integrable); however
in quantum systems, there is no restriction, as in this case. Finally, 2. and 3. suggests a
holographic dual that could be Einstein gravity in some form.

In summary, these 3 important aspects potentially classify SYK as a solvable model of
holography.

2 Two-point function
Let us start by writing the SYK model:

N N
1 1
Lsyk = —3 E XiOrXi — ] E JighktXiXjXkX1 (1)
=1

"4,k I=1

where {x;x;} = d;; and has quenched disorder E] with random couplings J;;x; taken from a
Gaussian distribution:

!Quenched Disorder (QD) describes a statistical mechanical system with some parameters that are random
variables that do not evolve in time (quenched, frozen), e.g. Spin Glasses. It is hard to analyze and the common
method of approach for it is the replica trick. In contrast, Annealed Disorder (AD) describes a system whose
random parameters evolve in time (this evolution is related to that of the dof of the system). This is easier to
analyze than QD.
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that is Jiju = 0 and J7,;, = ?’J!V—J;, which represent the disorder average.

Note. THE CORRELATION FUNCTION RESULTS WILL BE THE ONES AFTER THE DISORDER
AVERAGE WAS TAKEN (FIGURE [2]).

From the kinetic term, we can see that the energy dimensions are [y;] = 0 and from the
interaction one, [J;jn] = 1.
The free theory takes the form, of Jij = 0 in [T}

N
Liree = —% ; XiOrXis (2)
with a two-point function, shown in
Go = % sgn(T) (3)
(notice that there are some conventions of the 2-point function that use a minus sign in the

definition).

For SYK, because of the disorder average, large N and the anti-commutation relation, the
Feynman diagrams for the full (zero-temperature) 2-point function take a melonic form, as
shown in Figure [I]
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Figure 1: 2-point function as a sum of melon Feynman diagrams at large N (this sum contains
only connected diagrams). The lines with a shaded circle correspond to a full dressed line and
the dashed ones are to indicate the average disorder.
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Figure 2: Form of a melonic SYK diagram after the disorder average was taken. The dashed
line indicates the action of the average, as we can see from the matching of the indices.



It is easier to write such sum in Fourier space, therefore:
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from appendix [B], the dressed 2-point function is then,
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—iw — 2(iw)
Known as Schwinger-Dyson equations. In coordinates space, we can write the corresponding
integral form, as f0110W5E|:

G(1) = Go(1) + /dﬁ /dTQGQ(T —11)X%(11 — 72)G(T2) (6)

and since we know Go(7) = 5 sgn(t) = 9,G(1) = (1), therefore,

The S-D equations can also be obtained by performing average disorder via the replica trick
and evaluating the saddle point of the effective action. We start from the disordered average
partition function:
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Let, G(11,72) = % >, Xi(71)xi(72) and X(71, 72) = 0, therefore

2To show that G(r1,72) = G(r1 — 72), we use the definition and the fact that the energy of
the vacuum is zero.  So, Gi(m1,72) = (Txi(m)x;(r)) = (TeHx;(0)e mHem2Hy (0)e =) =
<T672H6(T17T2)HX1'(0)67(T1772)HX]‘(0)6772H> _ <7'e(7'1772)HXZ_(0)67(7177’2)ij(0)> _ <TX1(7—177—2)X](0)> _
G(’Tl—’rz).
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here N plays the role of A1, the saddle of the action at leading order when A — 0 gives us
the Euler- Lagrange equations. Hence, if we look for the saddle point of this effective action at
leading order in ~, for N > 1 (semi-classical limit), we have:
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which are the SD equations.



Note. Where does the replica tm’ckﬂ appear in this calculation?

The physical thermodynamical quantity here is F' = —%log Z, so performing the disorder
average to F: F = —%@. However, by the replica trick, we can arque (in SYK) that
F = —% log Z.

The difference between log Z and log Z is of order N*~9, for SYK, (namely, for ¢ =4, the
replica off-diagonal terms are subleading in comparison with the diagonal ones. So, we can use
log Z and log Z interchangeably).

Strictly speaking, the derivation follows from (taken from Kitaev and Su, The Soft Mode in
the SYK model):

Zn = /DZDG e 1"M=C s exp [—mzin max 1™y, G]] :

where

n 2
IME,G) = —g log [det (0, — X)] + g Z /deT’ (Zaﬁ(T, )Gop(1,7") — JZGaﬁ(T, 7")4)

a,B=1

with o and B being the replica indices. In the large N limit, the outer integrals DXDG can be
performed by finding the saddle point: Maximum at G' and minimum at ¥ (classical solutions).
The most natural solution for the minimum over ¥ is diagonal over replicas

Yos(T, 7)) = 2(1,7")00ns.

With such ansatz, taking the n — 0 limit, we obtain log Z ~log Z ~ — eff[f], é], as arqued
before.

There is a subtlety in the previous action, which is that we need to regularize the determinant
term to eliminate the UV divergence, viz

det (0, — %)
det (0,)

The self-consistency of SD equations (or similar ones) can be written for any model with
all-to-all interaction. BUT, their solution may not be physical if some ordering occurs, such
as spin glasses (see appendix . For the ¢ = 4 SYK model, the transition to a glassy phase
is expected at extremely low temperature: Tgqs5 ~ J e~ VN [Quantum Fluctuations, Sachdev].
Therefore, we assume that 7" > Ty, in this regime the mean field solution is accurate if
7> % (lower temperatures imply that quantum fluctuations must be taken into account).

Besides, in order to have a holographic model, it is important that there is not a spin glass
phase. Why? Because a maximal Lyapunov exponent could most likely occur in the quantum

det (0, — ¥) —

3The replica trick states that in quenched disordered systems and spin glasses,

zZ" -1
log Z = lim ,
n—0 n

that is, the average over n copies of the system. The subtlety in this method is that n is assumed to be an
integer, but to recover log Z, n has to approach zero continuously (this is not solved yet).



regime (at low temperatures). Hence, it is important that the system does not freeze into a
spin glass as T' is loweredﬁ

Let’s turn our attention in the IR limit of the SD equations, i.e. at low energies (or strong
coupling, J|7| > 1). Here we drop the 0,G(7) term and we know a solution of SD (see appendix

1\ 1
G = 12
IR(T) (47TJ2> \/m Sgn<T) ( )
The new set of SD equations have an additional reparametrization symmetry in time. If

T — f(7), then G(11,72) = | f' (1) f'(2) MG (f (1), f(72)):
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where in the last line, we used the SD equation in the IR limit. Thus, we can see that, at low
energies, the theory is invariant under the reparametrization group. Furthermore, if we map
the time line into a thermal circle (compactify time) and choosing f(7) = tan 7, then

1/4 2/4
s 1 m sgn(T) o (7T
o () (5 ()

tan (%),

1/4

(14)
B /4 sgn(T) ‘
O ()

This is the non-zero temperature 2-point function (in the IR).

Let us comment a little more about the IR emergent reparametrization symmetry: first,
in one-dimension it is equal to the conformal invariance, and second, in this limit we have
a space of solutions, namely, moving among those solutions has no energy cost (the action
does not change if we perform such transformation). Therefore, we will find divergences in
the correlation functions (as in the 2-point function at 7 = 0 or 7 = ). Besides, choosing
a particular solution from the saddle point equations implies a spontaneously breaking of the
symmetry.

4In this sense, SYK is simpler than SY, for SYK requires only one scaling limit N >> 1, whereas SY requires
two N > 1 and M > 1, where

R T3,
Hgy = — JixS; - S P(Jji) ~ -
Sy ﬁMj%::l 895 * Sk (Jjk) eXP( 2J2>

and the spins are in some representation of SU(M). So, depending on such representation, the ground state
may or may not have a spin glass phase.



How do we deal with this? Well, we have to recall that this is a limiting behavior, the
SYK model does not have reparametrization symmetry (broken by the UV term) and, conse-
quently, those divergences do not exist. Furthermore, this symmetry is broken explicitly (not
spontaneously, that only works in the range of very low energies).

However, we would like to stay as close as possible to the IR. So, let’s see what is the
cost of the reparametrization transformation close to the IR point. To do this, let o(7, ) =
d(71,72)0, so that the effective action (10]) writes:

7 2
% log [det (o — X2 /dTl/dTQ ( 71, 72)G(7T1, T2) — JZG(7177'2)4> ;

and perform the change of variables ¥ — ¥ 4 o, then

L J?
](Tf = ——log [det (— /dT1/dT2 ( 71, 72)G (71, T2) — _G(TDT?) >
+§/d7'1/d72 o (11, m2)G(11, T2),

where the last term is not invariant under reparametrization of time (can be thought of as a
perturbation of the IR action). If we are close to the IR, then our goal is to expand the last
term perturbatively to get the first non-zero correction to the CF'T previously found.

Start with the low-energies solution ([12)):

~, sgn(Tiz)
G(mi,72) =0 >
£/ (1) £ (r2) |

T2 | f(m) = f(m)??

where 719 =71 — 75 and A = 1/q. Now let 7, = ”;”2 and expand f around 7,:
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P =1 (re =) = ) = L2 + RO
Therefore,
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where Sch (f(r),7) =L ((7)) 5 (’;T(TT))) . Hence, close to the IR and under reparametrization

of time, we have an addltlonal contribution to the action that reads

12J2A/d7'1/d72 o (11, 72)

this is called the Soft mode contribution to the action described by the Schwarzian. Why soft?
The reason is that, at the IR, the reparametrization of time IS a symmetry and we have a
family of solutions that describe the system. But, close to the low energy limit, the system has
only one minima (the reparametrization symmetry is broken) and thus Ig.;, describes how the
system is slowly oscillating around it.

sgn(ﬁQ)
|7-12|2A 2

Sch (f(r4),7¢),

Isen, =

3 Four-point function

The 4-point function is given by

N
1 1
L(m, 72, 73,71) = N2 Z Xa(T)xi(72) x5 (73)x;3(Ta)) = G<7—177-2)G<7—377—4>+N~F(7—17727737T4>+"' :
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Where the connected diagrams F, at large N, are ladder diagram and scale as %:
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Figure 3: 4-point function as a sum of ladder diagrams at large N.

Therefore, the % contribution to the four-point function can be read off from the previous
diagrams as:

-F(TlaT27T37T4) :FO(T17T27T37T4>+/d7-a/d7—b K(TlaTQaTaaTb)f<Ta7Tb7T37T4>7 (15)

wherd?]

fO(T17T2,7'377'4> = G(Tl — T4)G<7'2 — T3> — G(Tl — T3>G(7'2 — ’7'4)
K(71,72,Ta, ) = —3J°G (11 — 72)G (12 — 7)G* (T4 — T3)

0(1)

Figure 4: Cut of a melon diagram is equivalent to a ladder diagram that contributes to the
four-point function. The cut of a line correspond to a division by N.

5Naively, as one can see this in Figure 4] a cut of one of the lines of the leading melon contributions is
topologically equivalent to a ladder diagram that scales as % since there is no sum over such line anymore
(division by N).

5The minus signs come from the definition of I' by moving one fermion and applying the anti-commutation
relation. The factor of three comes from the interaction o 3!, but by symmetry we can exchange the dummy
times 7, and 73, which implies a division by 2 for not overcounting (from the Feynman diagrams point of view,

this can be argued as the symmetric factor obtained by exchanging the two loop lines).



One way of solving F through is to start with a set of eigenvectors:
1

5= SgN(Ta — Tp), (17)
|70 — 7]

Vo (Taa Tb) =

with eigenvalued|

3 1

gla) = " 2(1 = 2a) tan (ra)” (18)

With this set of eigenvectors, one can use the SL(2,R) algebra to generate all of the eigen-
vectors. The key property is that conformal invariance allows to diagonalize K.

Another way of finding F is: the sum in Figure [3| can also be seen as a geometric series,
where the kernel K is the ratio of such seriesﬂ namely,

1
‘F07 (19)

.F:ZK"]-"Ozl_K

where in the last equality it is intended as matrix inversion.
A way of solving this equation is summarized in the following steps:

1) Understand properties of F as a function of the cross ratio.

2) Find the eigenfunctions of the Casimir C of the group SL(2,R) with the previous prop-
erties.

3

Determine the set of eigenvalues h of C to have a complete basis of functions.

W

Compute the eigenvalues k(h) of K as a function of h.

ot

)
)
) Calculate the inner products (U, Fo) and (¥, ¥p,)
)

6) Obtain F(z) = 2= Fo = >, Vn(2) 1= (W5, Fo)

1—k(h) (¥p,Yp) "

In the conformal limit, F will transform under SL(2,R) like a four-point function of fields
of dimension A:

F (11,72, 73, 71) = G(712)G(734) F(2), 2= % (20)
(x(r)x(2)x(m3)x (7)) = (X(7)x(72)) (X(73)x(72)) D _(C2 2" 2Fy(h, b, 20, 2),
where

- h runs over the set of conformal primaries (scaling dimensions of primaries).

- C;‘X set of 3-point function coefficients (or Operator Product Expansion, OPE, coeffi-
cients).

"The proof that this set of functions are eigenfunctions of K is shown in Appendix
8Here, we treat F, Fy and K as matrices whose one index is formed by the first two arguments and the
other index by the last two.
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- 2" yFy(h, h,2h, 2) is the conformal block, summing the SL(2,R) contribution of the de-
scendants of the primary h.

The above expression is called the decomposition into conformal blocks: Naively, it is the same

as inserting a complete set of states between the two pairs of operators. Succeeding in writing

F in such a form, the scaling dimensions A and OPE coefficients can be read off explicitly.
Therefore, let us use the following generators of the SL(2,R) algebra:

D=—70, — A, P =0, K =1%0, + 21A
D, P| = P, [D,K] = —K, [P,K] = —2D

One can check that all this generators commute with the kernel, in the following sensdﬂ:

(ﬁl + pQ)K(7-177—27T3a7—4) - K(7—177—2a7—377-4)(p3 + p4)

Therefore, this symmetry implies that the 4-point functions are simple powers times a function
of the SL(2,R) invariant cross-ratio: z. So, we can represent the kernel in the space of functions
of a single cross-ratio instead of the space of functions of 2 times, viz, K(z,Z) instead of
K (1,72, 73, T4).

Now, since K commutes with the generators of the SL(2,R) algebra, it commutes with the
Casimir operator C as well, where C is built from the sum of the generators acting on 2 times:

. . 1 . . . 1 . . .
C:(D1—|—D2>2—§(K1+Kg)<P1+P2)—§(P1+P2)<K1—|—K2)
- 2(A2 - A) - Klpg - plkg -+ 2151152

for the second line, we used:

D? = (=70, — A) (=70, — A) = 70, + 7202 + 2A70, + A*
1ao 1 ?
SPR = 50,(7%0, + 272) = 70, + S-02 + A+ 7AD,
1 .- 1 5 72 9
GKP = S(7%0: +270)0, = =07 + A0,

Why do we care about the Casimir? Simply because it is easier to diagonalize. Since it is
a differential operator with a family of eigenfunctions given by simple powers times functions
U, (z) and because of the non-degeneracy of the spectrum, W, (z) must be the eigenfunctions
of K(z,2).

C is an order 2 operator, so if CU;, = h(h — 1)¥y, then KWV, = k(h)¥;. This equation has
multiple solutions for any h € C. Thus, the general solution to CV;, = h(h — 1)¥}, is a linear
combination of conformally invariant three-point functions:

Uy (11, 72) = /dTo gn(70) f1° (11, 72), (21)

where f7° (71, 72) sgn(r12) By replacing this in KW, = k(h)V,, we can obtai k(h):

— Tro1Proe Pz 7

9Here the notation P; = Or,
10Tn general, the eigenfunctions of the exact (thermal) kernel depend on two numbers:

2mTg

I .
Whﬁm(Tl,Tg) = E/ dT() W;O(Tl,’]'g)ezm B s
0

11



(22)

If we replace h = 2o — 1, then we obtain k (20 — 1) = g(a).

However, from the solutions W, (71, 72), we need to find the subset that form a complete
basis of anti-symmetric eigenfunctions for a suitable choice of inner product (this is a non-
trivial calculation, we can refer to Maldacena and Stanford paper). In other words, this is to
say that we restrict the eigenvalue of the Casimir h(h— 1) has to be real. So, the allowed values
of h are:

1
hS=§+is,s€R & h,=2nn€ezZ".

This allow us to write

Py = [ s e + 3 et ) 2

where o and (8 are functions that depend on the eigenfunctions and measure factors coming
from the inner product.
An important fact here is the n = 1 case, i.e. at hy = 2, we obtain

k(h) = k(2) = _-ﬁ — 1.

Clearly, this represents a divergence in the four-point functionE. Although, neglecting such
pole, from ([23)) we need to extract the scaling dimensions and the OPE coefficients. To do this,
the claim is that [, is such that

, o (24)

h=2n

(7 an (T, Ta) > an, (T1, ..., 74)
F(z)—/oods T k() \Ifh(z)+ZRes[ = k() ‘Ilh(z)}

n=2
and this can be interpreted as a single contour integral whose contour is a line and small circles
around the poles of oy, (at h = 2n), as shown in Figure . However, the poles at even integer
values are cancelled by deforming the contour by pushing the continuous line to the right, at

the cost of picking up the poles of #(h), namely, the values h,, for which k(h,,) = 1.
where W° (11, 72) = FrE= Sirf%ﬁgfll‘ S T But, in the conformal limit these functions are all degen-

erate in m. In the zero-T case described above, the dependence on m is included in the function gy (7).

1Tt is important to notice here that this pole arises from the fact that we are using the conformal kernel (IR
limit), if we use the exact kernel (full spectrum of energies) we will find a correction so that k(hi) = 1 + #,
which is a big number, but not a pole.

12



Figure 5: Contour of integration of /. On the left it is a line and small circles enclosing the
poles of ay. On the right, the line integration contour is moved in such a way that it now
cancels the previous poles of «y, (different orientations) and encloses the values of h such that
k(h) = 1. Image taken from Maldacena and Stanford paper.

Therefore, the new sum of residues turns out to be (without the hy = 2 pole):

Zch 2 Sy (B Py 2P, 2), (25)

where we have written the 4-point functlon in a conformal block way, with scaling dimensions
hm = 2A + 1+ 2m + €, (€, are the anomalous dimensions) and the OPE coefficients are
proportional to ¢, .

We can write the generalization of the eigenvalues of the kernel, since the previous formula
is valid for ¢ = 4. For any ¢, the corresponding expression is

1F<3 )ri-i) ri+s) F<%+$_%>, (26)
() ORI (RIS

= —1 (independent of h), so SY K, does not have any

k(h7q) q -

From this we can see that k(h,
poles in the kernel.

As discussed before, the solutions to k(h, ¢) = 1 correspond to divergences of the (conformal)
kernel. Let us focus on the h; = 3 + % + €, mode. Considering ¢ > 1, and expanding , we

havd™| up to O(1/¢*):

i 2 am—gr (B -1020)
hi=34+-—-——5+ — + 1
q ¢ q q
Similarly, solving numerically for small ¢, we can see the results in Figure [f] From which
we can extract the first 3 non-integer values of h,, for ¢ = 4, namely

o (27)

hi(4) ~ 3.773535618637616, ha(4) ~ 5.679458989211242, hs(4) ~ 7.631970759040549.

that is, the canonical dimension of the primary operator Op, in Majorana SY K is 3.5 and its
corresponding anomalous dimension is ¢; ~ 0.2735356186376161 . ..

12In order to fix the coefficients of the expansion, we start with h; = 3 + &, solve k(h, ) = 1 and find the

value of z by requiring the leading order coefficient to be 1 (aw = 4). Then, we erte hy =3 —|— + > and expand
(26) up to 1/q order, fix the coefficient to be zero and find § = —2. The following coeﬂiments are fixed in a
similar way, i.e. by asking the coefficients of higher orders in the 1/q expansion, of the equation k(h1,q) = 1,
to be zero.
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Figure 6: Kernel eigenvalues for large ¢ (left) and small ¢ (right), obtained by solving equation
for the h; mode.

Note. How can one see that the 4-point function is not divergent in the hg = 2 mode?

To answer this question, let us recall what limiting values the (zero-7T") 2-point function has:

(V] : (28)
% sgn(T) , JIrl <1 (UV)

The four-point function previously obtained was done considering the conformal (IR) solu-
tion and integrated over all times. Clearly, this is not valid since the true two-point function
interpolates between the IR and UV functions. Therefore, the 4-point function will not have a
divergence at the hy mode, it will acquire a big value, but it will not diverge.

To see this explicitly, one can consider an exampldﬂ:

{(H/“g"“) Jlrl> 1 (IR

1 1/48 n(r 1 1 1/4 sgn(r) 7 Tl >1 IR
Gunlr) = (3) 0 _ [ e an
" )Y Lsgn(r) , Jirl<1 (UV)

close to the IR, viz J7| > 1:

1\ * sgn(r) 1 1 31
Ges T :<_) %GCT [1— 4+ —
O \a) e O EE

4
where G.(7) = Gr(7). Thus, one can see that there is an additional contribution to the 2-point
function to be consider in the kernel eigenvalues calculation, so that the divergence is removed.
In the next section, we will give the thermal two-point function close to the conformal limit
(BJ >1).

+ .- ,

4 Thermodynamics in ¢ =4

Recalling the effective action from

13This is an example of an interpolation function that converge to G(7) in both limits, but it’s not the real
two-point function. To obtain the real one, we need to solve SD equations for a generic 7.

14



Ie—j{ff log [det (0, — X)] / dﬁ/ dTQ( (11, 72)G(T1,T2) — J_G<7—177—2> ),

replacing SD equations above, gives us

2
I}z\];f — _élog [det 8 — E / dTl/ dry < T — TQ)G(Tl — 7'2) — J?G(Tl — TQ) )

= _%log [det (0, — X)] / dﬁ/ dry ( - 7) - 1G(Tl - 72)q>
q
= —%log [det (0- — X)] 6/ dTio ( T12)? ;G(ﬁ?) )

:_%bg[det(a—mw( W)/O dv G(ﬁv) /

q 47 2m

where v = 2”% Now, we aim to show that G = G(BJ). We can do this by dimensional

analysis, since G ~ x2, and from the kinetic term in the SY K Hamiltonian we know that
the dimension in energy of the fermions is zero. Therefore, from the interacting term we can
conclude that [J] = 1 (in energy). Hence, [G] = 0 and as the dimensionful parameters in
energy available are # and J, the dependence of the 2-point function is on the dimensionless
combination 8J, viz, G = G(5J).

Therefore, the effective action depends only on the combination 5.J and
5WF =—logZ = % = —f(8J).

Similarly, given that £ = —03 logZ = —0 f(5J) = —Jf'(BJ), or (because f depends on
the combination (.J)

BE = —p0sf(B]) = —Jos;f(B]) = —JBf(BJ),

we can conclude that

e(BJ) = —f'(BT),

from which we can obtain an expansion for 5J > 1.
Another way of calculating the energy is by the use of the action:

BF eff BJ* [P DB
BE Baﬁ(N)_JaJ(N) T/O dTG(T) —EGTG(T)L_W,

where in the last equality, we replaced SD equations (use the KMS condition, the PH symmetry
and take the corresponding limit). Obtaining,

~| &

1
(81) = 52 9G]

From the main reference (Maldacena and Stanford), we can write the free energy expansion
in powers of 5.J > 1:

22 ag 2mlagak

57 GIER
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where ¢y ~ —0.0406303 is the ground state energy, so = 1/2log2 — fOA dxm(1/2 —x) tan (rz) ~
0.232424 is the zero-temperature entropy, as = 55 ~ 0.01001, and ax = —4k'(2)ay (with
k(h) as the eigenvalue function of the kernel).

From there, the energy expansion:

1 Lo
(8J) (B1)> P (BI)m ’

where ¢/2 = (2 + 3m)ap &~ 0.198008, g = 0.2648056 and ¢ = Z(2 4 3m)af ~ —0.41947.
Together with the exact relation (J%)? = —W(g’i‘éﬁ) ~ —10.698763.
Going back to the effective action, we can write

e(fJ) =€+ g 5+ (31)

_ 2 B
f(BJ) = _Ie—]\j;f = %log[det(aT—Z)] — (g . 1)%/0 dr’ G(T’)q,

using SD equations, as before,
(¢—1)

£(87) = 3 tog[det (9, — D) + L= (51)e(57),

and since €(8J) = — f'(8J), we can calculate the determinant!]

log [det (0, — )] = 2f(8J) + (¢ — 1)(8J) f(8J])
= —(¢+1)(BJ)e0 + 250 — (q — 3) - .

/2 _
B "

(8J)

(q—2)

5 Correlation functions

As we know, the SY K model behaves as a CFT in the IR limit, therefore it shares some of its
properties (the details on the derivation of the following formulae can be found in Appendix [F]).
In particular, for any operator Oy with scaling dimension h, the n-point correlation functions,
for n < 3, have the following form:

(Op(1)) = (1 pt function)
1 .
(On(11)On(12)) = D (2 pt function) (33)
(01, (1) 01 (72) O (73) bty (3 pt function).

= |/7_12 |h1+h2—h3 |7_13|h1+h3—h2 |7—23‘h2+h3—h1

where Ch,p,n, is uniquely fixed.

For n > 4, the correlation functions become more complicated to calculate since we have
to include the invariant cross-ratios. And, as such, we cannot fix their corresponding general
form only using the covariance under the conformal group, as in the previous cases.

With this picture in mind, the next question to address is: What is the form of the primary
operators O, in SYK? Going back to the effective action, one can see that there is a O(N)
symmetry in the bilocal fields. This is easier to see if we write the correlation function as a
vector product, namely, G ~ x*x and

Note here that, at the end of the day, we have to regularize the determinant result since it diverges (UV
divergence).
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X1
X2
X = .
XN
Since the operator dimensions are h,, = 1 +2m + 2A + ¢, (for m =1,2,... and hy = 2),
for large m: h,, = 1+ 2m + 2A. Then naively

Oh,, = xﬁ?m“xi.
However, the real form of the primaries is (Gross and Rosenhaus: Generalization of SYK):

N 2m+1
=D > dusdxa (1) (), (34)
i=1 k=0
where the coefficients d,,; are chosen in such a way that the operators are primary.
Eﬁince there is an infinite number of scaling dimensions, defined from the equality k(h) = 1,
we have an infinite set of bilinear operators given by . Phenomenologically, the SY K model
can be seen as a CFT plus a perturbation given by the infinite set of irrelevant primarieﬂ

Isyx = lopr + Zgh / drOn(7), (35)
h
where the sum runs over all the dimensions hg, hy, hs,... and g is the perturbative coupling.

From this expression, we can obtain the two-point function:

1
G(712) /DXZNXZ 1) (T2)e 1SV E
=7 /Diji/-Xz 71 XZ(TQ) ICFTefzhghdeoh(T)
1 —Icrr dopn
S DXZNXz T1)Xi(T2)e Zgh d7'3 Dyi— Xz(Tl)Xz(T2)(’)h(7'3) L.

= G 7'12 Zg dngi[ <Xi(Tl)Xi(T2)Oh(T3)> +
h

+5 Zgh1gh2/d7_3/d7_4 (Xi(T1)Xi(72) O, (73) Ony (1)) +

h17h2

(36)

To fix the functional form of the three-point function appearing in the first order perturba-
tion of G, we use the conformal form shown in together with the fact that such function
must be chosen to solve the eigenvalue equation in the IR (neglecting the bare term in Figure

7):

Uh(leTQ,To) :/de/d7'4K(7'1772,7'377'4)?1/1(7'3774,7'0),

15This part is taken from Tarnopolsky, et al: Excitation spectra...

16Such operators are irrelevant in the sense that as we approach to the IR, they give us the same CFT as if
they were not there. That is at large 7J, we approach to the same CFT results and not have a new IR fixed
point.

17



where K (71, 7o, T3, 74) is the same kernel specified in the four-point function. But we know that

/dTg/dT4K<T1,T2,T3,7'4)Uh<7'3,7'4,7'0) = k(h)vp(11, 72, 70),

therefore we are looking for the solutions such that the eigenvalue of the kernel is 1 (which
determine the scaling dimensions). Hence,

1 b2 cnsgn(Tis)
Uh(leTQaT?)) N <X (TI)X (7—2> h(7_3)> |J7‘12|2A_h|JT13|h|J723|h ( )
where ¢, is determined by solving the eigenvalue equation and is
1 -1 2 h)? 1
(q— 1)b 7 tan 5t F(Zh) E'(h)
uv IR
f—‘—| f—‘—\

\ \
= + :\ (-
>+ P
/ /

~V
Figure 7: Diagrams that represent the 3-point function (x;(71)x(72)On(73)). The sum contains

the same kernel K as in the four-point function case discussed before. The bare (tree level)
diagram represents the UV limit, while the second term represents the IR one.

K =

At zero temperature, up to third order correction’] to G(7) is

Qmn Oy Oy, amnpamanap
G( ) L= Z |J7_|hm 1 Z ‘JTlherhan Z ‘JTlhm+hn+hP73 - ] ) (39)
m,n,p
with
s Oh 1 mtan 2t T'(2h)
Oéh -

J? (q—1)b K'(h) (h — 1/2) I'(h)*
So, the first terms in the corrected two-point correlation function read:
Qo aooa(z) a7 aooo&g ap1 oy

G(r) = Gulr) |1 — 20 G0 I L o
M =GO L7 " T " e e 40

I"The detailed calculation for the first order correction can be found in Appendix the other orders are
referred to Tarnopolsky, et al.
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where hy ~ 3.7735 and

(2A 4+ 1)(2 — 2A — cos2mA)  (A+1)(2A 4 1)(6A — 84 cos2mA)
8A cos? TA o0 = 24A2 cos? TA '

Qoo =

To generalize the previous result to non-zero temperature (but still focusing in the strong
coupling or low temperature regime, $.J > 1), we can use the reparametrization symmetryﬁ
So that, the expansion of G(7), for 7 € [0, 5], has the following form:

_ B oo OZO CLQO()OéO
Gﬁ(T)_Gc(T)[ 5th0( ) (BJ) fho,ho( ) (ﬁj)hl 1fh1( ) (ﬁj) fhohoho( )_"':|,
(41)
where agg = %, Qoo = —% and
3 o\ 1/4 1 ™= %T 2
GC(T)Z(Z) T fz(T):2+t T f2,2(7):? — 1]
1/li’Js.m? an -z sin” 73
In general, f;(7i2) is obtained by solving
EPE Zgh/ dT3 (Xi(T1)Xi(72) On(73)) 5
in order to match , we obtain
oWGs = —GP (1 Z lfhm(7-12>7
with
h
B sin ”22
fh(Tlg) = A/ dT3 7 7
0 23| |sin 72
and A can be fixed by taking the zero temperature limit to math , namely
8 h—1
D) 227

The expressions for fy, 5/(7) and fj p p(7) are unknown and we can fix them via numerical
calculations.

Another important quantity that can be obtained from the perturbed action (35) is the free
energy that, up to second order, is

18This is possible because the expectation values are taken with respect to the CFT action, which has the
reparametrization symmetry.
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BF = —log /DerSYK]

_ log /'DerCFTe Zh 9h deoh(T):|

B
— log /Dxe ferr (1 _Zgh/ dr Oy (T Zghgh’/ dT1dT2Oh(7'1)Oh'(T2)>]
0 0

h,h’!

B
= BFcrr — log [1 - Zgh/ dr (On(T Zghgh’/ dridr, <Oh(71)0hf(72)>5]
0

h,h! 0

—5]:CFT+Zgh/ d {On(7))5 —

_ _Zghgh,/ dTl/ d7'2 (On(1 Oh’(TQ)> - <Oh(7'1)>5 <Oh’(72)>6> ’

h,h’!

where SFcpr/N = BEg— s, So is the zero-temperature entropy and Fy the bare ground energy.
The expectation values are with respect to the CF'T action and in the last step it is important
to notice that (0)> # (OO). In fact, the term (On(11)On(712)) 5 = (On(11)) 3 (O (12)) 5 =
(On(11)Ow (12))3" represents the connected two point function of the operators O. One can
check that the higher order terms in g, have only connected diagrams as well. An easy way to
do this is to Taylor expand (up to fourth order) the function log (1 — y), where

y—Zgh/ dr (On(r ——Zghgh// dﬁ/ drs (On(71) O (7)) +

h,h’
+_ Z ghgh’gh”/ dTl/ dTQ/ d7—3 Oh 7'1 Oh’(TQ)Oh”(T?)))
" h,h! b
Z gngn' g h”gh”’/ dTl/ Tg/ dTg/ dT4 Oh 7'1 Oh’<7—2)oh”(7_3)(9h”’(7—4)>
hh/ h/l h///
So,
2 3 4
Y Y Y
log(l—9y)=—y— = —ZT — 2
og(l—y)=-y—75 -5 -7,

and therefore, order by order in g, the terms are:

B
O(1): —Zgh/o dr (On(7)) 5-

h

5> o / dridrs ({O(r)Ow (72) 5 = (On(m))5 (Owr(72)),).

hh’

Z ghgh’gh”/ dTldngTg (<0h<7-1)0h’(7—2)0h”(7—3»5_

h hl h//

—3(On(71)) 5 (O (72) Owr(73)) 5™ — (On(11)) 5 (Onr(72)) 5 (Ohf'(73)>5>-
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= > 9wy h”gh”’/ dridrydrsdry ((C)h(ﬁ)oh/(Tz)@h”(73)0h"'(7'4)>5—

h h/ h// hl/l

=3 (On(11) O (12)) 5" (O (13) O (12)) 5™ = 6 {On(11)Onr (72)) 5" (O (73)) 5 (Onon (T4))
—4(On(11)) 5 (O (72) Onr (73) Onrn (1)) g™ — (On(71)) 5 (Onr (72)) 5 (Onrr(73)) 5 <Oh”’(7'4>>,8>-

where (O,(7)) 5 = (On(7))5"

Whence, the terms entering in the expansion of the free energy are only connected correlation
functions. So, from now on we will remove the superscript ( )*", but keeping in mind that
those expectation values are represented by connected diagrams. So, the free energy reads

I&
5F:N5E0—N80+Zgh/ dr Oh __Zghgh’/ dTldT2<Oh(Tl)(9h/(72)>ﬁ+
0 0

h,h!

8
+ — E Grgn' gnr / dTldedTg <Oh(7’1)0ﬂ(7’2)0h//(7’3)>5 + ...
0

h h/ h//

It has been argued that one-point functions in thermal CF'T are not necessarily zero and
have the constant value:

Nby,
(BI)y

where the coefficients by, are fixed by the conformal two point function as follows (for 7 — 0):

(On)g =

b=2sgn(T)
Gcﬁ(T s 2A
2 sin 77
. b2 sgn(T)
70 J | mr 1 T 3 1 T b 1%
2 (2 o (2)+ N
42
_ b2sgn(r)
= 2A
|J |2A1 1 (=T 2+L ﬂ4+
T 3\ 8 5\

2

b2 sgn () w2

A(BA
+90 (5 +)‘

at
3 +.. ]

On the other hand, using the OPE expansionﬁ of G(1), gives us:

AS n\t
Galr) = "3 (1 + el <oh>ﬁ) , (43)

19The OPE expansion allows us to write
bAsgn(r b2 sgn(r Asgn(r
T):ZCH(T OHB_ZUTPA HHOH> |JT|2A ZU B h ch (On)g
H

where in the last equality we separated the identity term ( H = 0, ¢g = 1, and Qg = I) from the anomalous
dimensions terms H = h. See appendix |E| for more details on the OPE expansion.
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comparing both expressions, we can fix b,. For example,

2 4

™
thocho = EA, th 4Ch—=4 = %A(5A + 1)

An important note here is that b, = 0 for h # 2k, k € Z. So, from CFT arguments the
one-point functions

(On,)s =0, m=1,2,3,...

Therefore, the free energy gets the form:

BF = N@EO—NSO+5NZ ghbh ——Zgh / dry / dry (On(11) O (12)) 5 +

where the third term has only contributions from h = 2k, k € N (according to the previous
analysis), the rest are zero: b, = 0.
The fourth term can be calculated explicitly by introducing a UV Cutoﬂ@ e~1/J:

2 , , 2 e - 2h
gh/o dTl/O drs <Oh(71)oh(72)>B:Nghﬁ/€ ar BJ sin I

NGB N/ G - )
(h — 1/2)(5J)2h—1 (6J)2h—2 F(l — h) )

where the first term represents a correction to the ground energy. Finally, we arrive at

BF = BfCFT"’NZ 4.

gn/J)bn N(g3/J*(BJ) | N(gi/J*) 7" '°T(5 - h)
W"Z[ (h—1/2)(e))? 1 (B))P2  T(1—h)

And using the thermodynamic relation ¢ = E/J = —0glogZ/J = 0s(BF/(JN)), the
expression for the energy is:

-y (gn/bn(h = 1) |

()
——Z[ @ e eeg o] W
(h—1/2)(eJ)?r1 (BJ)*—1 ['(1—nh)
Or equivalently,
_ C2 C3 C4 Cs Cé C2n1-1 Cr
R X X R Y L ) I 7 I G T ) A e

with hy ~ 3.773535, €g ~ —0.0406303, ¢; = 5z7(2 4 3m)ap ~ 0.198008, ¢3 = #7(2 + 37)af ~
—0.41947, and C = (S%W) —10.698763. Notice that the first non-integer exponent comes
from the two pomt function in the free energy calculation (O, Op,) E Also, numerically, we
can see that terms 1/(5.J)? with p = hy, hy+1, hy+2 or hy are absent. Therefore, it is natural
to assume that we do not expect terms with powers p = h,, + n, with n = 0,1,2,... to be

present in the energy expansion.

20This cutoff is of order 1/J because at order 3J ~ 1 the conformal limit stops working.
21N . 1 . . . . .
ote that if any of the terms BT existed, it would imply non-zero one point functions (Op, ).
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Note. [t is important to take into account that this (phenomenological) treatment is not com-
pletely clear yet, specially for the hg case, since there are some caveats. Although, starting
from gives a natural way of obtaining the observables, one has to be careful in trusting
such calculations. THAT IS WHY IT IS BETTER TO USE NUMERICS TO SOLVE THE
MODEL AND CALCULATE BOTH THE ENERGY AND THE 2-POINT CORRELATION
FUNCTION EXPANSIONS.

It is needed very high precision in the numerical results in order to test the different predic-
tions of the SYK model in a trustworthy way.

6 Chaos

PLet us first talk about semi-classical chaos: In a classical system, an easy probe of chaos is
the high dependence of the trajectories on the initial conditions (butterfly effect). A chaotic
system has nearby trajectories that diverge exponentially fast in time, viz.

dq(t) N ot
m = {Q<t)7p(0)}PB ~ et ;

where A\, is called the Lyapunov exponent and ¢ > 0.

Considering a semi-classical quantum system (A < 1), we can approximate the Poisson
bracket with the commutator, i.e. { } — =-[]. However, there are some caveats in this limit: 1.
Since there can be phase cancellations, we need to square the commutator and 2. We need to
take the expectation value in some state. A general choice for this is the (canonical ensemble)
thermal state, leading us to consider the quantity:

C(t) = = (W (1), V(0)]*)

where as before (), = Tre=PH /7. Writing C(t) explicitly and using the KMS conditionﬁ we
have:

+

(VOWBV(0OW (L)),
= — (WO)WEB)V(t +iB)*) 5 — (V(=t —iB)V(-t)W(0)*)5 +
+ VOW@RVOIW()s+ (VOWHVO)W(t+1if)) 4,

the first two correlators are in Lorentzian time order, but the last two are not. These are
called Out-of-Time-Order (OTO) correlation functions. The typical behavior of the function
C'(t) is as follows: after a time of order (3, there is a region of Lyapunov growth, however when
the commutator obtains macroscopic values (around Ehrenfest time ¢, ~ ﬁ log 1), C(t) starts
saturating exponentially to its late time average (called the Ruelle region, macroscopic average
value).

Now we can focus on studying the behavior of C(¢) in a theory holographically dual to
Einstein gravity by studying certain shockwaves sent into an AdS-Schwartzschild black hole.
In summary, the growth of the Lyapunov part is a consequence of the exponential redshift near
the horizon. The result is that the four-point function behaves, at late times, as

22This section is mainly taken from Sarosi.
**Recall that (A(t)B(0)); = (B(0)A(t +if3))4, and for correlations of more than two operators, play with
the cyclicity of the trace.
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2
Fywvw ~ ﬁ%eg‘;t-
Suggesting that we have a Lyapunov exponent of A\, = 27/ (this value is also obtained in
higher dimensional black holes and it is argued that this is the maximal Lyapunov exponent
that a chaotic quantum system with a classical limit can have).
@Let us now turn to the SY K language and consider the OTO four-point function (for times
longer that the dissipation time and shorter than the scrambling time A;' <t < A\;*log N):

(OO (1) ~ e

Taking SD equation for the OTO 4-point function and plugging in the previous expression, it
was found by Kitaev that Ay, = 27/8 for 8J > 1. That is, SY K saturates the maximally
chaotic bound.

7 Applications

Section mainly based on the paper by Rosenhaus (An Introduction to the SYK model).

7.1 AdS/CFT

Since the full SY K model breaks conformal invariance, then it should not be thought of as
dual to AdS,. Instead, one should consider an AdS; embedded in a higher dimensional space
(as a near-horizon limit of an extremal (E = 0) charged Reisnner-Nordstrom black hole in
asymptotic AdS), while the dual of this bulk is not SY K, it may be that the IR limit is.

At low energies, SY K is dominated by the h = 2 mode, which is described by the Schwarzian
(consequence of nearly conformal invariance). On the AdSs side, it is natural to consider Jackiw-
Teitelboim (JT) dilaton gravity. Dilaton gravity theories arise from compactifying gravity
in higher dimensions down to two with the dilaton playing the role of the size of the extra
dimension. It has been shown that dilaton gravity in AdS, is equivalent to Schwarzian theory
(as a consequence of the pattern of symmetry breaking).

With this in mind, in principle, we know the bulk in AdS, because we have solved the model
in the IR. Then, the dictionary works as follows:

Boundary Bulk
Y, = particle
m?2 = hy(h, — 1)

Oh,, ~ 3 X0 xi

n

where the masses are chosen in such a way that they match the two-point functions of the
operators Oy,.

So, in the bulk we have a tower of fields of increasing masses. The number of fields is infinite
and they are parametrized by n. However, the dual of the fermions y; is still an open question.
The ‘Bulk Theory’ can be written as

L= Z(&%y + migpi + Ankl@n@k@l + -
where the couplings are, in principle, known because we have solved SYK (and use the dictio-
nary). Though, it is not clear where the set of numbers m,,, A, etc. come from, i.e. there is
no presently a bulk description yet.

24This part is taken from Polchinski and Rosenhaus.
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7.2 Strange metals

Considering a lattice of SYK models, for example

_ E ’ E T
L - Ci,x( Cz T tzg mm’cz 2Cjx’ — Jz]kl rcl x%, mck zClx,
T %

(zx') i, T 4,5k,

where z represents the lattice site, ( ) sum over nearest neighbors, ¢;; ., are random hopping
couplings, and J;jz . is the random interaction coupling per site x. Notice that now ¢, , are
complex fermions. This model exhibits features of a strongly correlated metal, with resistivity
scaling linearly with 7', at high temperatures, and Fermi liquid behavior at low temperatures.

Nevertheless, there are two main limitations here: neither all-to-all interactions nor large
N are present in real metals, and this features are essential to solve the SYK model.

B

Figure 8: A cartoon representation of a SYK lattice of ‘quantum dots’ with quartic all-to-all
interactions, image taken from Rosenhaus (An Introduction to the SYK model).

Note. The time dependent green function determines the transport properties of a system (as
the electrical resistance and complex dielectric constant as a function of the field frequency) as
well as inelastic particle scattering processes in solids.
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A Path Integrals for fermions and Matsubara frequen-
cies
Let U and ¥' be two fermionic (ladder) operators, namely

{vh v} =1, {wh, vt} =0, {0, ¥} =0
and the number operator A' = ¥TW. Since, N2 = N, the possible eigenvalues for A are either
0 or 1. Therefore,
v =), wiy=j),  win=o  wp=o
Now, let’s define the state,

[¥) =10) = 1),

where ¢ is a Grassmann number, this state is a fermion coherent state, because it is an eigen-
vector of all ‘annihilation’ operators, viz,

V) = w[0) — Wy 1)
=¥l
= 10)
=¥ (10) = [1))
=v[Y).

Similarly, ()| U = (¢)|1). Note that 1 is not the hermitian conjugate of 1, we should treat
them as independent Grassmann variables, hence (1| # (|))'.

Let’s now enumerate some of the important results from Grassmann numbers before writing
the path integral:

0) () =1+ = e’

ii) Any function of n Grassmann variables can be written as a polynomial with 2" terms,

Le. f(¥1, 2, .. 0n) = (a1 + bitr)(az + bata) -+ - (an + bnthy).

iii) Since f dipda) ) = —1, then f dipda) e WY = g, Therefore, considering v to be a column
vector of any size, ¢ a row vector of the same size and M a square matrix (of the size of
V), [ [dwdiﬂ e VMY — det M.

iv) The completeness relation: [ didy | (¢ e =1

v) (=9 = (0] + (1|9 = (0] — ¢ (1], so that (=i[p)) = 1 — ) = e~
vi) [dpdy (—P|Qp) e = Tr Q.
Now, following the path integral approach to write the partition function, we have

Z =1Tr (e_BH ) ,
where H = H(UT, ¥) is the normal-ordered Hamiltonian. Plus, discretizing time € = 3/N:

25This section is taken from Shankar (RG approach to interacting fermions)
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Wiy e M) = (iga| (1 — eH (W, W) [1h;)
?Ziﬂf (1— €H<&i+1:¢i)) )
Vi1 |ts) e~ HWir10)

— Vi1 g—eH ($iy1,0:)

~
~
{

Thus, since e = limy_,oc ="V, then introducing the completeness relation into every
e~ and letting ¥y = —¢1, ¥y = —t; (anti-symmetric boundary condition:

Z = /dlﬁld% (=] e Jqpy) e
N-1 . ) ) ) ) . i
= J\}l_fgo/ 11 didib; (U] e M |ihy_1) e NN (| X X (1) €72V (o] e [gpy) eV

N-1
— lim / H d&zdwz eil_JN¢N—1e*GH(lzNWN—l)e*d_JN—le—l . 6711_121#261521/11e*EH(1l_127¢1)e*1/71¢1
=1

N—o0

N—o0

N-1
= i [ TJ g, S 606t
=1

| s
~ lim / [ adudes e

1 e[M%—H(%-‘-lﬂﬁj)

If we turn to Fourier space, by writing|

b(r) = %Z em(w),  (r) = %Ze—www)

and apply the anti-symmetric boundary conditions:

implies that
forn € Z, or

which are called Matsubara frequencies.

26The first condition is obvious, the second one is for the Fourier transforms to be well defined.
2"Notice that we have written the Fourier transforms as if they were complex conjugates, but take into account
that they are not, this just ease the calculations.
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B Free two-point function and exact series in Fourier
modes

The free (zero-T') two-point function is defined as:

N
1
Go(1) = N Z ng(T)
ij=1

where G;(7) = (Txi(7)x;(0)), xi(1) = ™ xi(0)e” ™, and H is the Hamiltonian of the theory,
which in this case is zero (non-interacting case). Therefore, x;(7) = x;(0) — x;. Thus,

GY (1) = (Txa(1)x;(0))
= @<T) Xin> O(-1) <XJXZ>
= O(7) (xix;) — O(=7) (05 — (xixs))

Leading td™

_ e = —0uxa) s i# T _ 0, i#j 1
GO(T)_{ %_@(—7), Z'Zj_{%sgn(T), i=j 2

— Gy(1) = % sgn(T).

B.1 Sums in Matsubara modes

There is a way of verifying what is the free non-zero Temperature correlator, using the discrete
Fourier expansion in Matsubara frequencies. Of course, writing it in Fourier modes allows
us to find Go(iw,) by integrating Go(7). But, we want to calculate explicitly the sum over
frequencies, and for this, let’s start by doing some of these discrete Fourier sums to see how it
works:

Bz _Bz
z ez —e 2 2 2
The function: tanh <%> = —5— 5, has poles when er = —e’%, that is when [z =
ez +e 2

1T+ 2inm, i.e

27 4 1 i
z=1— (n+ = | =iw,,
16 2

where w,, = %’T (n + %) are the Matsubara frequencies for fermions.

Thus, expanding tanh (%) around iw,, gives,

28Noticing that the i # j part is independent of 7, and using G(7) = —G(—7). And that x;x; = 3 from the
anti-commutation relations.
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inh
tanh (522) = Smtly)

2

gcosh (1Bwn/2)(z — iwy) + (g) sinh (ifw, /2) &= an) T+
5 sinh (iBw, /2) (2 — iw,) + (g) cosh (Zﬂwn/g)w T

+ |+

L LR ) e
() (z =) + () S5+ (5) e

2 Z—1iWn 2 4 Z—Wn 4

) EE o (5)
. 2 (z—iwn)2 4 (z—iwy)4

(8) (2 = iwn) [1+ ()" Cfoell - (9) Lol 4

Therefore, the residue is:

2
g tenb (%) ~F

and by the residue theorem, we have

Zf iwp) = dztanh (62 )f(z),

where C'is the contour along the imaginary axis enclosing the poles. The next step to calculate
the sum is to shift the contour so that the new C” encloses the poles of f(z) (we can always do

this because the result is independent of the contour we choose).
iﬂzil .
To continue this analysis, and since tanh (%) = i(zﬂ—zﬂ, it is easier to redo the previous

calculations for the function m;iﬁz' It has poles when e™$? = —1, that is +82 = ir + 27in, or
z = tiw,
So,
1 B 1
T et 7 1 (21) & (1) (s — i) + () EE e 4
B 1
F(z — iwy,) B [1:|: (= M”) B+ &= W” Bz...]
1 1
— zRﬁ)Snl +ei52 = :FB
Hence

fe) B f(z)
Zflwn —27”%:(1,21_’_6_52— omi dzl—i—eﬁz’

we can choose which one to use, depending on f(z), the key part is that when we shift the
contour to the poles of f, the integral over the infinite part of it vanishes.

B.1.1 Examples

The sum (usually encountered in Matsubara Fourier transforms)
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77,wnT

ﬂ Z w—zwn

with w constant and 7 € [0, 5] can be obtained by applying the previous complex calculation,
Viz

1 N e—zwnT 1 1 e~ 2T
— d
54 _E_:Oo w—iw,  2mi - © (1+eP) (w—2)

1 d 1 e T
— 2
2mi Jor (14 e P2 (w—2)
2mi e 7
— Nnes
271 2=w (1 + e7P%) (w — 2)

e~ wT

14 eBw
e(ﬁf‘r)w

1+ e

where in the second line, we shifted the contour C' to C’ so that we enclose the pole at z = w.
Similarly,

1 0 elwnT 1 1 e?T
— =——0d
I6; ;OO w—iw,  2mi N (1+e%) (w—2)

c
o }5 L e
omi (1+ e (w—2)
0T
= RS T e w2
— ewT
Tl eh

From both results, we can see that the initial sum is odd with respect to 7 — § — 7. Notice
the Fermi-Dirac distribution appearance in both results.
If we take the limit w — 0, we obtain,

| & e [ LY e 1 g
52 {B%W%Q’ (46)
= B

T~ —iwy, don T = -1 ,7<0
Thus,
5Z_M:wm>%m (47)
this means that the Fourier transform (in Matsubara modes) of the free 2-point function is
5 B 1
G n) = :
o (ieon) —iWp,

Another useful example is the sum:
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1 o0 —iWwnT e~ wnT e~ twnT
8 Zoow2+w2 B 2wﬂ Z <w—zwn +w—|—zwn>

—iwnT

o0 ezwn‘r
Z W — Wy, w — Wy,

n=—oo

E‘H
)

B 1 e—wT e(lJT
2w \14e P 14 e
1 [ —2sinh (wr) — 2sinh [(7 — B)w]
2w 4 cosh? ’%‘”
1
=5 <cosh (wT) tanh (%u) — sinh (w7)>
where in the second line, we used the fact that the sum is symmetric under w, — —w, (not
symmetric with respect to zero, actually wy = —w_1), and in the third line we used the previous
examples.

Note. THE ANALOGOUS CALCULATION FOR THE BOSONIC CASE IS SIMILAR, BUT WITH

FREQUENCIES: w,, = 27/;" AND USING THE FUNCTION coth( 2) INSTEAD OF tanh.

B.2 Finite Temperature two-point function properties

We already saw that in the free (J = 0) case, G5 (7) = 1 sgn(7). Therefore, let us check some
important features of the full 2-point function at finite temperature for fermions:

1 (Tr ( (11) (Tg)e*ﬁH) T > To
B _ Xa\T1)Xb 5
G b(Tl’T2> - 7 {—T?” (Xb(TQ)Xa(Tl)e_ﬁH) . T < Ty ) (48)

where o (7) = €™ x,(0)e"™ | being H the Hamiltonian of the theory. This correlator can be
shown to be dependent only on one variable 7 — 75 (considering 71 > 73):

1
Gap(T1,72) = ETT (Xa 1) Xb(T2)e 5H)
1
ETT (67'1HXa —TlHeTgHXb(O)e—TQHe—ﬁH)
1
= S Tr (e (0)e (M (0)e M) (49)
Z
1
ET?” (Xa 1 — T2) X O)e_’BH)

ab\T1 — T2, )

(
ab(Tl - 7'2)

Il
-~ Q@

From this, we can derive the
tors:

ubo-Martin-Schwinger (KMS) condition for finite-T correla-
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Gap(r) = =T (e(0)xa(r)e ™), 7 <0
= —%TT (xo(0)e™ xa(0)e™ ™ )
- _%Tr (xp(0)e~ e ey (0)e e M)
_ _%TT (o (0)e B+ (0)e~ (547 (50)
- _%TT (xo(0)exa(B+ 7))
- —%TT (Xa(B+T)x0(0)e™), (7 +3>0)
= —Gu(B+7)

Applying the latter property to the SYK correlator (a = b):

Gp(1) = —Gp(B + 7). (51)

and

(52)

= Gﬁ(ﬁ — T )
This last result is a consequence of the particle-hole (PH) symmetry in SYK@. Therefore,

we can summarize both features as:

Gp(1) = =GB+ 1), (KMS)

Golr) = GaB—7),  (PH). (53)

C Spin Glass (SG)

The Spin Glass is a magnetic state characterized by randomness in the alignment of spins and
in the couplings. In general, its time dependence distinguishes from other magnetic materials.
Besides, its magnetic behavior (magnetization) is as follows, as we send B —0:

1. Paramagnetic materials: M — 0 in an exponential way.

29This is analogous to the Charge conjugation symmetry (C) in high energy physics, and has to do with the
fact that the fermions are Majorana, namely, they are their own antiparticle (in other words, the Lagrangian is
invariant under the exchange of particles and holes).
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2. Ferromagnetic materials: Remains magnetized at a remanent value.

3. Spin glasses: M — 0 (or to a small value) in a non-exponential way.

Spin glass vs. ferromagnetic materials is analogous to a window glass vs. Crystal lattice-

based solid:

Ferromagnetic Crystal lattice-based solid
-Spins aligned (same direction). -Uniform pattern of atomic bonds.
Spin Glass Window Glass
-Spins aligned randomly. -Highly irregular atomic bond structure.

C.1 Sherington-Kirkpatrick model (SK)
The spin glass model:

HSK - _Zjijsisja (54)
i<j

where S; are the Pauli matrices at the lattice point 7, J;; is the coupling of the nearest neighbors
i and j (it describes the magnetic nature of the spin-spin interaction, for example a negative J;;
value means an anti-ferromagnetic interaction), and the sum is done over all nearest neighbors.
Solving for the free energy, by the replica method, there exists a new magnetic phase below
a critical temperature T, this is called spin-glass phase or glassy phase, characterized by a

vanishing magnetization®)] and a non-vanishing two-point function at 2 different replicas:

N
Q=> 8¢5 #0,
=1

with a # [ replica indices.
In contrast, SYK does not have a spin-glass phase at low 7" regime.

D Solution of SD equations in the IR

In this section, we will show that the function

1/4
0= () 20 (55)

is a solution of SD equations in the IR limit.

J? , sgn(t — 1) sgn(7’)
= T
e N N 5

1 A S —iwT
= E/de(w)E(w)e :

/dT/E(T —7G(T)

where

30Recall that the magnetization is the first derivative of the Free energy with respect to the field.
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0 4 esz N /OO J eiw’r
T T
—oo \/_ 0 \/7_—

= /dye’wy —|—2/ dy ™Y
0

= 4@'/ dy sin (wa)
0

Al m 2 7
Vw2V 2 w2

In the last line, we usedP'}

o o sinu
sin (z")dx = / duy ————
/o 0 n ul=l/m

1
= — m/ du v/
n
1 l/n 1
_E m/ dy —Z l/n
1 1
(g
n 1 n
I'(1
_ (1/n) Im (il/n)
n
I'(1/n)

and

31For this calculation, one can also use

However, the result in is more general.
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—zw—/ dz/ da cos (a2’
—41\/_/ daRe/ dz
_@¢—/’m1@( ¢7;>

1
d
- 42'\@5\/% Re(z'l/Q)/ da 2L

o Va

1 : T
= div/og v/ Re(e'57)2+/al}

Therefore, equation becomes:

J? , sgn(t — 7') sgn(1’)

wP T =R

/ dr'S(r — 7)G(7') =

1
=1 dw— (4@@ 72T> it
1 8w —iwT
= —ET dw e
= —4(7).

So, expression is a solution of SD equations in the IR.

E Eigenfunctions of the Kernel

The equation that we need to solve is:

/dTa dTb UQ(TCU Tb) K<T(l7 Ty, T3, T4> — g(a> Ua<7-37 7—4)7
for the set of eigenvectors

1
Vo (Ta, Tp) = \T—T|2a sgn(Tq — Tp)-
a— Tb
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This leaves us to solve,

sgn(ta — 1) sgn(t, —73) sgn(m, —74) sgn(rs — Ta)
/dTa/dTb 7 7 = . (60)
|Ta—Tb\ |70 — 73] 7 — 74 |73 — T4

Let us use the following relations:

¢ 1 1 > 1 1 1
e e R A e i L S L
¢ 1 1 1
/s " (r—s)(E—r1)W (E—s)rtvl Bl—=1-y), (62)
where
o) = [ et = TR s0)

Hence, dividing the integration region into 8 regions and assuming 73 > 74, we have:

) 7, >m, T, > T3, Ty > Tyt

/dTa/dTb 59” Ta — Tb)59n< Ta —7'3)59”(77) —74)

2A 2A
7o = | |7a —T| 7 — 7l

/dTa/ dTb 5K
—b| |7a —T3| |76 — 74

B /rs dTa|Ta —T3| <(Ta — 7y)2A+20-1 B(1—2A,1 _204)>

— ! B(1—2A,1—2a) B(1 — 2A,4A + 2a — 2).

(7-3 _ 7-4)4A+2a—2

) 74 > 1y, 7o > T3, Ty < T4

/dT / Sgn Ta — Tb)sgn(Ta - TB)SQn(Tb - T4)

2A
To — 1o |70 — 732 |7 — 74

/dra/ dT ( D) 5K
To — )% |70 — )% |7 — 7

N _/T e |T — T3| (Ta - T4)2A+2°‘*1 6( QA 200+ 4A — 1)

1
)4A+20-2 B

1—2A,2a—2A—1) 5(1—2A,4A+2a—2).
(7'3—7'4

i) 74 > 7y, To < T3, Tp > T4

[n [ an sgn = m)sgn(r ~ )sgn(n )
Ta

2A
To = T |70 — 732 |7 — 7

1
/d’/‘a/ dT ( ) A
- b! 70 — "2 |7 — T

- /7'4 e |7-a - 7-3| (Ta - 7'4)2A+20‘_1 5( N 2A7 1 - 20&)

_ L B(1—2A,1—2a) B(1—2A,2 — 2A — 2a).

(7—3 _ 7—4)4A+2a72
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V) Ty > Ty, Ta < T3, Tp < T4

/dTa/dTb Sgn Tb)sgn<7—a — 7—3)89”(777 — T4)

2A
_Tb| |7a —73| |7y — T4

/ dTa/ dTb X
_b’ |Ta _73| Ty — T4

- /—oo e |7a — 73| (7o — T4)2A+2a—1 Al —2a,1-24)

1
= JiB 202 B(1—2a,1—2A) B(1 —2A,4A + 2a — 2).

(7'3 — T4

V) Tao < Tpy Tq > T3, Tp > T4:

/dra/dT 597UTa = 70)5g7(7a — 73)59”(% — )

2A
T — 7 |7a — 73 |7 — 7

/dTb/ dTa (=1) X
_Tb| |Ta _73’ |75 — T4

= — /T3 dTb|Tb B 7_4| (Tb — 7-3)2A+2a,1 ﬂ( —2A,1— 2a)

1
BCTE— B(1=2A,1—2a) B(2 — 20 — 2A, 4A + 2a — 2).
37 14

Vi) To < Ty, Ta > T3, Ty < T4. This set of inequalities imply 73 < 7, < 7, < 74 contradicting
our assumption of 73 > 74. So, this region does not exist.

VH) Ta < Tpy Tq < T3, Tp > T4:

/dTa/dTb Sgn Ta )Sgn(Ta _ 7_3)89”(7-5 — 7—4)

2A
_Tb| |74 _73| |75 — T4

{f“ dbe L

|'r,1—1'r3|2A|'rb—7'4\2A

T3
f dTa‘[ dr b|7' —7[*¥| 70— 73>y —7a[*2
fm d7a @ ra— 7'3|2A (T4—Ta )2A+2°‘ r (1 =24,2a+2A - 1)
7'3 d a|T T3|2A (Ta—Ta )%A+2o¢ T ( 205 200 + 2A — 1)

1 ﬁl—QA2a+2A—1)6(2—2@—2A,2@+4A—2)
(13 — m) 84202 | B(1— 20,20 +2A — 1) (1 — 2A,2 — 20 — 2A)

Vlll) Ta < Tpy Tq < T3, Tp < T4:

/d / sgn Ta — Tp)Sgn (T4 — Tg)Sg’]’L(Tb —7)
Ta

A
Ta — T |Ta —73| |7 — T4

1
o
—bl [7a = "% |7 — 7l
/. d7“|73—7a| e A2 -2

= )4A+2a72 5(1—20(,1—2A) 6(2_204—2A,4A+201—2)
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Therefore, reads:

/dTa/dTb sgn(te — 1) sgn(t, — 13) sgn(mp, — 1) sgn(Ts — 74)
’Ta - Tb’ |

7'«1—7'3|1/2 |7'b—T4|1/2 |73 — T4

—2A,1 —2a) B(1 = 2A,4A + 2a — 2)

= s 74)4A+2 — 1601 ) B(
—B(1 = 27,20 — 2A — 1) B(1 — 2A,4A + 20 — 2)
—B(1—2A,1—2a) B(1 —2A,2 - 2A — 2q)
+8(1 = 2,1 — 2A) B(1 — 2A,4A + 20 — 2)
—B(1—2A,1—2a) (2 — 20 — 27 4A 4 20 — 2)
+B(1—2A,2a 4+ 2A — 1) B(2 — 200 — 2A,4A + 20 — 2)
+8(1 = 2a, 20+ 2A — 1) B(1 — 2A,2 — 2A — 2a)
—B(1 = 20,1 — 2A) B(2 — 200 — 2A, 4A + 20 — 2))]

- 754&”&2 (25 ( 1 2a) 5(1/2,2a — 1) — A(3/2 — 2a, 20 — 1)]

+ﬁ< Qa—l)[ (3/2 — 20,20 — 1) — B(1/2,20 — 1)]

2
+6 (35

Bl —2a,2a0 —1/2) — 5(1/2,1 — 2cv)] )

— Qa)
B 1 \/_F(l —2a) (V7l'(2a—1) T(3/2— 2a (200 — 1)
(7 my)tate2 [ [(3/2 = 2a) ( [(2a = 1/2) >
+\/_F(204—1/2) (T(3/2—2a)F(2a—1 \/_F 200 — 1) )
I'(2«) NZ3 '(3/2 — 2a)
Val(3/2 = 2a) (T(1 —2a)T(2ac — 1/2)  /7l'(1 — 2a)
T'(2 - 20) ( VT © T(3/2—20) )
B 1 27 (2a — 1)T(1 — 2a) '
(7 — ) tAt202 [F(3/2 “Za(a —1jz) T2l =)
B 1 27 (2a — l)m B Y T
(13 — Ty)tA 202 [F(l — (2a—1/2))I'(2a — 1/2) 2r(2 1)sin (27Toz)F(2a)_
B 1 272 sin2rac — /2 27 |
T (13 — 1) 40+ 202 Lin 2ra(2a — 1) T sin (27a) (20 — 1) |
— 1 27 [—1 — cos (27a)]
(13 — 74)*A 202 6in 21 (200 — 1)
- 1 o1
(13— 7y)A+20-2 (1 — 2a) tanaT

Thus, since 73 > 74,

(=3.2) 1 o 1 1
/dTadTb VaTas 7o) K (Ta, 7. 75, 74) = AT J? (73 — 14) 202 (1 — 20) tan arm 3
3 1 1 1

- 2(1—2a) tan ar 72

= g(a) va(7s, 74),
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where

3 1 1

9la) = " 2(1—2a)tanar

is the eigenvalue of the kernel with eigenfunction v, (7,4, 7).

F Comments on Conformal Field Theory (CFT)

A CFT is a theory invariant under Conformal Group transformations, which are generated
by translations, rotations, dilatations and special conformal transformations (SCT'), more pre-
cisely:

ot — " =t 4 at (Translations)
ot — 't =Wt ¥ (Rotations)
ot — o = At (Scaling)
zh — bra?
ot — 2 = SCT),
1—2b- 2+ b%22 ( )
where a* = a*a,, the modulus is
.%'/2 x2

T 1—2b-x + b2
and considering two different space-time points x; and x5:

(2] — 2b)? = 2ff — 22 - 2y + 2
C2f(1—=2b-xy + b%23) — 2[xy -2 — (b wy)al — (b- xg)af + bPaiad)
(1 —2b- 21 + b222)(1 — 2b - x9 + b?23)
23(1 — 20 -z + b*2?)
(1 —2b- 2y + b223)(1 — 2b - x9 + b223)
2?2 — 2wy - Ty + T3
(1 —2b-xy + b222)(1 — 2b - 29 + b213)
_ (z1 — @2)°
(1 —2b- 2y + b2x3)(1 — 2b- 29 + b223)’

_|_

therefore

|$1 - $2|
(1 —2b- 1 + b222)Y2(1 — 2b - 2o + b222)1/2

[} — o] =

(64)

F.1 CFT ford>3

Starting with d > 3 (the case d = 2 is particularly interesting and will be studied separatelylﬂ
Let us start by counting the number of generators, since CFTg_; haﬂ:

32The case d = 1 also falls into this section and corresponds to the case of Conformal Quantum Mechanics
since time is the only dimension.

33Recall that the SO(n) group has dimension (= number of (anti-symmetric) generators) "("271).
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1 (dilation)+d (translations)+d (SC’T)—l—@ (d+2)(d+ 2)2(d +1)

Therefore, this tells us that the conformal group in (d — 1, 1) dimensions is isomorphic to the
group SO(d + 1,1). Before studying the properties of the correlation functions, we have to
define the scaling dimension A of a field operator ® as the action of the scaling transformation
on it, that is

(rotations) = CFT generators.

d(Ax) = \20(x).

Now, if the metric transforms in a covariant way, namely

G — g:u/ = A(@) gy
to fix the value of A(z), we know that

ot — ™ = A(x)z*

so that %‘% = A(z)0*,. So that the determinant of the Jacobian of the conformal group
transformations gives:

ox’'
—| = Ax)"
e (z)
Thus, the transformation of a scalar field ¢ under the conformal group is:
A o' |72/
or)  ¢(a) = M) 26(r) = |55 o). (65)

Fields that transform in such a way (covariantly) are called quasi-primary fields.

F.1.1 Conformal Invariants
Consider any set of points in a C'F'Tjyy; 1, then
i) Translation and rotation invariance implies
|z1 — 29| = invariant.
ii) Including scale invariance requires

|z1 — 2o

= tnvariant.
|23 — 4]
iii) If we apply SCT to |z; — x2|, then by
|21 — 2

1 = &g = 2.,.2\1/2 2,.2\1/2°
_ . —
| (1 —2b- 21 + b2a?)V/2(1 — 2b - 29 + b223)V/

So, the conformal invariant is composed by cross ratios, for instance:

|71 — 29| |3 — 24

|IE1 - $3| |-’E2 - 5134|’

where it is important to note that there are %(n — 3) cross ratios for n distinct pointﬁ
(the expressions can be quite complicated).

34For the two independent ratios
Tij Tkl Tij Tkl . .
= iy 1,7, k, 1 all distinct
LikLj1 LilLjk

40



F.1.2 Correlation functions and its constraints
In general, the n-point correlation function is given by calculating the path integral

(1(x1) - Dn(n)) = %/[D(I)](I)l(xl) T (I)n(xn)efs[‘ﬁ]’ (66)

where Z = [[D®]e 5.

By conformal transformations we can see that

/ / 1 ’ , , , . - )
(Gr(a) - on(a)) = [ [DFI}(al) - @) (o] e
ox' —Av/d o' —Ayn/d 1 .
= |— U Bl il —5[@]
o |,_,. or |,_, Z/[DCD]CI)l(:cl) D, (z,)e
x|~/ oy |~ An/d
- 8_90 T=x1 o % T=Tn <¢1($1) o gbn(x”» P

where in the second line both the action and the functional measure are conformally invariant.
Equivalently,

An/d

(01() - dn(a)) - (67)

T=Tn

Av/d oxr’'

ox | oz

Start with 1-point function. If we apply the invariance under rotations and translations, we
then have

(Gr(21) - du(a)) = |25

r=x1

{o(x)) = h(|«l),

now using the rescaling covariance, we require
h(lz]) = X2h (Alz])
to fulfill this condition, h(|x|) should be a polynomial in |z|, namely
(0(2)) = —x-
]

Finally, let’s use and @:

C  C (1—2b-z+b%?)?
|gp|A S |zA (1 =202+ B22)A

since A can have any value (scaling dimension of the field), this expression is satisfied only if
C = 0. Hence,

(o(x)) =0 (68)

Let us see what happens to the two point function. If we apply the invariance under
rotations and translations, we then have

we have () = n(n—1)/2 possible z;; terms and (",?) = (n—2)(n—3)/2 possible zj;, then since the denominator

is fixed once chosen the numerator, we have to divide by all possibilities of the denominator (to not overcount)
which are n — 1 for fixed ¢ and n — 2 for fixed j. So the final expression is n(n — 3)/2.
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(P1(z1)P2(22)) = h (|21 — 22),

now using the rescaling covariance, we require

h (|[L’1 - C(,’Ql) = AA1+A2h (/\|.l’1 — I2|)
to fulfill this condition, h(|z|) should be a polynomial in |z|, namely

C
(61(21) (7)) = ——282
|z1 — 22
Finally, let’s use and @:
Carn, B Carn, (1—-2b -z + b%%)(Al*A?)/Q(l —2b- 29 + bzx%)(A“LA?)/Z
|x1 — 1‘2|A1+A2 N |$1 — ZE2|A1+A2 (1 —2b- T+ bQI%>A1(1 —2b- To + b2$%)A2 ’

from this last expression, for Ca,a, # 0, we have Ay + Ay = 2A; and Ay + Ay = 2A,, that
is Ay = As. Notice that we can rescale the operators ¢ in such a way that the coefficient
Ca,n, = 1. In conclusion, the 2-point function in a CET for a (quasi-primary) scalar field is

(61(21) () = ——

I o

Finally, let’s study in a similar fashion the 3-point function. So, covariance under rotations,
translations and scaling gives

CRlnn
(D1(1)P2(22)@3(x3)) = Z e .
a,b,c ’xl - '7:2‘ ‘.1'2 - 1'3’ ‘.Tl — X3

a+bt+c=A1+A2+A3

using and , we have

Cgbch2A3 CgblcﬁzAs (7172>a/2 (7273>b/2 (7173)0/2

|$1 —$2|a|$2—9€3|b|$1 —9€3|C |9€1 —I2|a|$2—9€3|b|$1 —903|C ’Y1A1’Y2A2’73A3 ’

— 2.2 abc :
where v; = 1 — 2b - x; + b°x7. Then, for non-zero C¥),a,, We require

a+c=2Aq, a+b=2A,, b+ c=2As, a+b+c=A1 4+ Ay + As,

whose unique solution is a = Ay + Ay — A3, b= Ay + A3 — Ay, c = Ay + A3 — A,. Hence,

CA1A2A3

Aog+A3—Aq |.CC1 (70)

(¢1(21) P2 (w2)ds(w5)) = Brvhe=Ba |,

|$1 i ZL‘2| A1+Az3—-As "

—I’g' —l’3|

Note that Ca,a,a, is unique and cannot be fixed to be 1 since the fields were already rescaled
to fix Ca,a, to unity.

If we want to calculate n-point functions for n > 4, we have to consider the n(n — 3)/2
cross-ratios, since they are invariants of the conformal groupﬁ. So, for the 4-point function,
the best we can do is to argue that it has the form:

35For the n < 4 case, we cannot form cross ratios, so the procedure is the one followed before.
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(P1(x1)@2(22)P3(x3)Pu(x4)) = h (\xlng34| ]$12]|x34\) H |$z‘j|A/3_Ai_Aj» (71)

b
|z13[T24| " 214|723 i<

where A = S"PA,, 2, = a; — x; and the function h(u,v) is not simply fixed by conformal
Invariance.

F.2 CFT for d =2
MAIN COMMENTS ON THIS!!

G Two-point function corrections

In this section, we calculate in detail the corrections of G(7) from the perturbed action Igy x =
Icrr + 140. So, let us start with the first order correction:

[e.e]

b2 sgn(T)
SN Gy(r12) = — / d o :
W) = =0 | PA R Tl Tl

Without loss of generality, let us assume that 7, > 75, then the possible integrals we can
have are:

e If 75 > 713, the integral becomes,

o CthSg'Tl(Tlg) ghepb® [T 1
—Yn drs 9A—h h h = T 72A+h drs 9A—h h h
oo |IT2PAT R T | | T T3] JEATh ] T (T12)? A (T13) " (Ta3)

ghCth /7'2 4 1
= — 7'3—
2A+h 2A—h h _h
JEAT(119) —00 T137T23

gnenb®
- I g1 _poh—1
J2A+th22A+h71 ﬁ< )
A 7-1
_ eI g an ),

(J7-12)2A(J7—12)h—1

o If » <713 and 7 > 73, we have,

& cthsgn(ﬁQ) ghepb® [ 1
—9n drs 2A—h h = 72tk drs 29A—h h h
oo I T2 T3] T T JEEth ), (712)22 7" (113)"(732)

ghcth /T1 J 1
= — T3——
2A+h 2A—h h ~h
S (119) T2 T13732

A
_ gncnb

T 19ALh2A+h—1
JAAthTs

gnepb™J 7!

= — (JTlg)QA(JTlg)h_lﬁ(l — h,1—h).

B(1—h,1—h)
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e If 73 > 7 > 7, the integral becomes,

" /°° i cnb®sgn (o) _ gnepd® /OO ir 1
- 3 = — 3
- | T 710|220 T3 P T a3 J2AEh [ (712) 22 (731 ) (732 )
- _ gnenb” /Oo dr b
JEATh(Typ)280 [ ’ T T
grenb®
S A — TG W N VA
J2A+h7_122A+h—1 B( )
ghcthJ_l
= — 1—h,2h—1

where to solve the integrals, we made use of (61)) and (62). Thus,

ghcthJ_l
26(1 1 1—h,1—h

|J7‘12|2A’J7‘12’h*1 [ 5( )_'_ﬁ( ) )]

gnend ! [2r(1 —WI(Q2h—1) T(1—hI(1- h)]
| 7| T'(h) (2 — 2h)

6(1)Gh(7'12) = —

— h,2h —

= —Gc(7'12)

= —G(T12) |g;:1};(|]h_11 Sin: L (2h E(f)hp)(hy {2 - S;Eijf? }

= ~Gelmz) ﬁ]h:l};]h—ll sii:h (2h E(f)hr)(hy (1~ cosmh)

— —Gu(r) ‘g;;;;t‘{jﬁ e e [ 2]
= —Celm2) f}ff;ﬁll (h —11(/22};?(/1)2”“ %h

= —G(r 12)#,

I'(2h)

where o, = ghchJ”Wﬂ tan It h , or replacing cp:

W 9_}% 1 mtan Tt T'(2h)
P2 (g — Db K'(h) (h—1/2) T(h)?
Hence,
(6]
G(r)=Ge(r) [1=) |JT|’;_1 +
h

For the second order corrections, we need to solve

o0 o0 bA h12
5(2)Gh1,h2 (7_12) = Z/ dT3/ d7'4 ChCh’hth Sgn(T12)‘Tl4’ Zh
h —00 —0o0

’J712’2A’JT34’h1+h2\7'13””2

2 F1(h, h + hia, 2h, 2),

where z = 22534 and hyy = hy — hy. The OPE coefficients ¢, and ¢y, 5, are fixed by the 3-point
functions < X0h> and (O, O, O4), respectively. Therefore, according to Tarnopolsky, et al:

QhyhoChy Chy
GelT) 17 ez

0P Gy o (1) = =
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Leading us to:

A Ol Oy, AmnpOm O Ol
G(r) = Z ‘JT’hm—l Z | J 7| thn—2 Z | J7 |t on =3 - (72)

m,n,p

where the first values for a,,, and a,,, are

- (2A +1)(2 — 2A — cos 2wA) — (A+1)(2A + 1)(6A — 8 + cos 27A)
00— S8A cos?2 TA 000 = 24A2 cos? TA '

H OPE expansion

The Operator Product Expansion (OPE) is an axiom used to define the product of fields as a
sum over the same fields. It offers a non-perturbative approach to QFT. Explicitly, it reads:

Chihs 1
Oh1<7—1>0h2(7-2) = Z hz‘lf;% (1 + 57'12 87-2 + - ) Oh(Tg)
73
= Z Chlh?h Ch h h(T12 0 )Oh(TQ)- ( )
| Typ|tha=h T T

That is, it is a sum of primaries and descendants (h runs over all the dimensions including
the identity operator, i.e. h = 0). The coefficients Cp,pyn(712,05,) are the generators of the
descendants and, together with Cj, .5, are fixed by the functional form of the three-point
function.

As an example, that we need, the two-point function G is then written (assuming 7 > 75):

1 1
Gp(T12) = ~ (Txi(m)xi(72)) 5 = N (Xi(T)xi(72))
(74)
= 3T (Gl 020
If we take 7y = 7 and 75 = 0, then
cn sgn(T
o) — Z ||—A” Clr) (On),

A (75)

sgn
|JT|2A Zch 7|
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